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Abstract
Sponsored search ranking requires accurate and well-calibrated
estimates of click and purchase probabilities. But these predictive
tasks remain challenging because click and sale labels are sparse,
and clicked-only post-click conversion modeling introduces sam-
ple selection bias. In this work, we exploit the simple but useful
observation that for small probabilities, the logit of the probability
is approximately equal to the log of the probability, which yields
an additive logit-space decomposition of the purchase prediction
task into a click-propensity term and a learned residual. We then
introduce a simple, model agnostic, modular approach for over-
all 𝑝 (𝑠𝑎𝑙𝑒) prediction models by directly injecting 𝑝 (𝑐𝑙𝑖𝑐𝑘) model
outputs into a downstream 𝑝 (𝑠𝑎𝑙𝑒) model as a feature, a prior, or
both, giving a flexible, additive alternative to the usual multiplica-
tive click–conversion factorization for sparse purchase prediction.
Training both click and sale models on the entire space of im-
pression data mitigates sample selection bias while allowing the
sale model to learn nonlinear interactions of click propensity with
post-click behavior, rather than relying on a rigid multiplicative
decomposition. This provides a practical and modular path to in-
corporate denser click signals into the sparse purchase prediction
task, across many modeling architectures. Offline results at a major
e-commerce company showed consistent gains in classification and
calibration performance metrics; online A/B tests gave statistically
significant gains in user and platform metrics; and a variant of the
method was launched to production.
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1 Introduction
Sponsored search sits at the intersection of search, recommendation,
and advertising. Ranking policies for sponsored items must balance
a three-way interaction of buyers, sellers, and the platform, and
simultaneously optimize item relevance and quality, seller velocity,
and platform revenue. Although many choices of ranking functions
are possible, the ranking of Cost-per-Click (CPC) [4, 13] ad items
typically involves estimating click-through-rate (CTR), i.e. 𝑝 (click)
[12]; while Cost-per-Acquisition (CPA) settings [9] usually require
predicting purchase-through-rate (PTR), i.e. 𝑝 (sale) [2, 5], either
directly or via the multiplication of a CTR probability with a post-
click conversion (CVR) probability.

PTR prediction is challenging for two related reasons. (i) Data
sparsity (DS): purchase labels are naturally rare, since only a small
fraction of item impressions lead directly to a sale. Click labels are
less sparse but are a weaker signal. (ii) Sample selection bias
(SSB): the standard method of estimating conversion conditional
on click is trained on a clicked-only subset of impressions, but at
serving time the model must score the entire impression popula-
tion, causing an inference time mismatch. This problem motivated
entire space and multi-task formulations such as ESMM [8], which
models click and conversion jointly across the full impression space,
and later extensions such as ESM2 [15], which uses intermediate
post-click actions to add further supervision. Subsequent work has
continued in this direction: ESCM2 [14] formalizes two pathologies
in ESMM-style training, an inherent estimation bias (IEB), where
ESMM’s expected post-click CVR estimate is positively biased, and
a potential independence priority (PIP) problem, in which ESMM
is prone to modeling conversion as an unconditional CVR rather
than conditioned on click, making the CTR and CVR estimates
conditionally independent, and addresses them via a counterfac-
tual risk regularizer; DCMT [18] then extends the debiasing into a
counterfactual non-click subspace.

This paper studies a simple, model agnostic alternative. We use
the observation that for small probabilities logit(𝑝) ≈ ln𝑝 , so that
the classical multiplicative click–conversion factorization is approx-
imately equivalent to an additive decomposition in logit space. This
motivates injecting an upstream CTR score into a downstream PTR
model in three ways: as a feature, as a logit-space prior, or both.
Training both models on the entire impression space avoids the
most severe form of clicked-only sample selection bias, while the
downstream PTR model is free to learn nonlinear corrections and
interactions between click propensity and sale-specific variables
such as user and item context. The approach is independent of the
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choice of underlying model class and applies wherever the CTR
and PTR models can each produce and consume a logit score.

This design has several advantages. First, it is model agnostic,
which is valuable since in many latency constrained settings, there
can be stages of ranking and re-ranking using different model fam-
ilies with varying computational cost [6, 17]. Second, it is modular:
the CTR and PTR models can use shared or disjoint feature sets
and be trained following their own training pipelines with their
own data, filtering, and sampling procedures. Third, it incorporates
multi-task signals without requiring hybrid objective functions that
need tuning of per-task weights to a combined loss function. Fourth,
it avoids forcing the final purchase estimate to be an explicit prod-
uct of separately estimated click and post-click conversion terms.
Finally, it allows the PTR model to distinguish different regimes
of click behavior—for example, curiosity driven Exploratory Clicks
versus high purchase intent clicks—by conditioning on both the
CTR signal and additional sale-relevant variables. In this way, the
resulting model behaves like a flexible approximation to combined
click–purchase modeling, and sidesteps the PIP problem [14], with-
out requiring a full multi-task architecture which may not be possi-
ble for some stages of ranking which could still benefit from shared
click and sale labels.

Our main empirical observation is that injecting CTR into PTR
as a feature and/or logit-space prior can improve 𝑝 (sale) predic-
tion relative to standard baselines. Feature analyses further suggest
that when CTR is included, downstream features associated with
post-click conversion become more important, supporting the in-
terpretation that the model is implicitly combining dense click
supervision with sparse purchase information. Overall, the method
offers a useful tradeoff: more interpretable and principled than
ad-hoc stacking of upstream scores, but simpler and more modu-
lar than the end-to-end factorized multi-task frameworks (ESMM,
ESM2, ESCM2, DCMT) it approximates.

The contributions of this work are as follows:

• We give a simple derivation, based on the approximation
logit(𝑝) ≈ ln𝑝 for small probabilities, leading to an addi-
tive logit-space approximation of the classical multiplicative
click–conversion factorization, 𝐶𝑇𝑅 ×𝐶𝑉𝑅.

• We introduce a nested CTR-PTR modeling framework in
which a CTR score is injected into a sale model as a fea-
ture, as a logit-space prior, or both. The approach is model-
agnostic and is a simple but effective approach for incorporat-
ing denser upstream click signals into sparser downstream
𝑝 (𝑠𝑎𝑙𝑒) modeling.

• Empirically, the method shows improvements in offline per-
formance and statistically significant gains in online A/B test
metrics, and a variant was deployed to production at eBay.

• We analyze how CTR injection changes the feature impor-
tances and feature usage patterns of the overall PTR model
in intuitive ways.

2 Related Work
Entire Space and Factorized Click–Conversion Modeling. A major

line of prior work addresses sparse purchase labels and clicked-
only sample selection bias through entire space modeling, explicit
click–conversion factorization, and multi-task learning. ESMM [8]

is the canonical example: it jointly models CTR, post-click CVR,
and their product over the full impression space, transferring signal
from dense click labels to sparse conversion labels while avoiding
training CVR only on clicked impressions. Later methods enhance
this framework with additional structure. ESM2 [15] decomposes
the post-click path into intermediate actions such as add to cart
and wish list events; AITM [16] uses sequential conversion-related
tasks; and [3] divides conversions into hard vs. easy conversions
which are treated by different model heads. Other recent work has
focused on biases induced by the ESMM-style product architecture
itself: ESCM2 [14] identifies inherent estimation bias (IEB) in the
CVR estimate and potential independence priority (PIP), in which
the factorized structure treats conversion as independent of the
click rather than conditioned on it, making the CTR and CVR es-
timates conditionally independent; DCMT [18] further debiases
via a counterfactual mechanism. Our approach is motivated by the
same problems, sparse purchase prediction and avoiding selection
bias, but makes different design choices. We do not explicitly es-
timate CVR or enforce an exact product decomposition. Instead,
the downstream PTR model predicts overall 𝑝 (sale) directly over
the impression space, while using CTR as an upstream feature, a
logit-space prior, or both. This preserves the benefit of denser click
supervision but avoids a constrained CVR head and allows the
purchase model to learn arbitrary nonlinear, feature-dependent re-
lationships between click propensity and sale propensity, all while
staying well-calibrated with respect to the 𝑝 (sale) task.

Multi-Task Learning, Representation Sharing, and Modular Trans-
fer. Our method can also be viewed as a simple form of task transfer.
Multi-task and representation-sharing systems in industry often
use dense auxiliary tasks to improve sparse downstream objectives,
both architecturally, e.g. via shared experts or gating mechanisms
as in MMoE [7], and at the task-design level, where modeling ad-
ditional conversion-related sub-tasks has been shown to improve
purchase-intent prediction in production ad systems [3, 11]. Click
and sale are correlated, and in our setting they cover the full range
of the engagement spectrum: click is the densest but weakest avail-
able label, while sale is the most sparse but also strongest signal
and is the modeling target. Intermediate post-click actions such
as add-to-cart can contribute additional signal between these ex-
tremes, but incorporating clicks and sales may already capture the
bulk of the dense-but-weak to sparse-but-strong intent spectrum.

Positioning of the Present Work. The prior literature on click–
conversion modeling has mostly emphasized exact probabilistic
structure: explicitly model click and conversion together through
multiplicative factorization or multi-task learning to reduce bias
and deal with sparsity. Our method instead uses the rare-event ap-
proximation logit(𝑝) ≈ ln 𝑝 to convert this multiplicative structure
into an approximate additive logit-space form (Section 3.3). The
result is a simple injection of an upstream CTR score into a down-
stream sale model—as a feature, a logit-space prior, or both—that
is interpretable, model-agnostic, and captures much of the benefit
of joint click–conversion modeling without requiring a custom
multi-task architecture. This positioning is practical in sponsored
search settings where the overall goal is purchase prediction but
can benefit from click signals, and click and sale models are often
developed and maintained independently.
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3 Methods
3.1 Background
Our goal is to estimate the overall purchase probability when show-
ing an item impression 𝑖 in a context featurized as 𝑥 . That is, we
want an accurate 𝑝 (sale | 𝑥). This quantity could be directly pre-
dicted over the entire space of item impressions, which is simple
and avoids sample selection bias but omits valuable intermediate
signals like clicks. Because sales are rarer than clicks, the direct
sale prediction method suffers from worse label sparsity and class
imbalance than the already imbalanced click prediction task.

3.2 Notation
Let the observed impression-level dataset of size 𝑁 be

D = {(𝑥𝑖 , 𝑦𝑖 → 𝑧𝑖 )}𝑁𝑖=1
where 𝑥 ∈ X denotes impression-level features, 𝑦 ∈ {0, 1} is the
click label, and 𝑧 ∈ {0, 1} is the sale label. The notation 𝑦 → 𝑧

indicates the sequential dependence between click and sale: for our
use case, every sale is assumed to come from a click on an item on
a Search Results Page (SRP). This assumption may not be valid in
all e-commerce settings, depending on the possible user shopping
journey trajectories. When other sequences are possible, alternative
factorizations of the shopping journey can be used as in [15] but
𝑐𝑙𝑖𝑐𝑘 → 𝑠𝑎𝑙𝑒 suffices in our case.

With the standard click–conversion decomposition, this overall
purchase-through-rate, 𝑝PTR (i.e. sale probability), is factored as:

𝑝 (𝑧 = 1 | 𝑥)︸        ︷︷        ︸
𝑝PTR

= 𝑝 (𝑦 = 1 | 𝑥)︸        ︷︷        ︸
𝑝CTR

× 𝑝 (𝑧 = 1 | 𝑦 = 1, 𝑥)︸                 ︷︷                 ︸
𝑝CVR

(1)

Here 𝑝CTR is the click-through probability and 𝑝CVR is the post-click
sale probability. Standard post-click CVRmethods model the second
term directly using click-only data and combine it multiplicatively
with CTR. In contrast, we aim to predict 𝑝 (sale | 𝑥) directly while
still leveraging the information contained in the CTR term.

Let 𝑝CTR (𝑥) be the output of an upstream CTR model, and let

𝑠CTR (𝑥) ≡ logit
(
𝑝CTR (𝑥)

)
denote its logit. We feed this CTR score into a downstream PTR
model in three ways: as a feature, as an additive logit-space prior, or
both. This is broadly applicable across many model families: many
classifiers naturally operate in logit space, so a logit-space prior can
be added to the model’s logit score for many common model classes
like logistic regression, gradient-boosted decision trees (GBDT),
and neural networks with a sigmoid output of a predicted logit.

3.3 Additive Logit-Space Decomposition
We introduce three variants below, all motivated by the same sim-
ple observation: for small probabilities, the multiplicative click–
conversion factorization in Eq. (1) is approximately equivalent to
an additive decomposition in logit space.

Taking logs of Eq. (1) gives an exact log-probability space iden-
tity:

ln 𝑝PTR (𝑥) = ln 𝑝CTR (𝑥) + ln 𝑝CVR (𝑥) (2)
For small probabilities, logit(𝑝) = ln𝑝 − ln(1 − 𝑝) ≈ ln 𝑝 since
ln(1 − 𝑝) ≈ 0. Click and sale probabilities in sponsored search are
often on the order of 10−3 to 10−2 or smaller, so this rare-event

approximation is tight in practice (see Appendix A). Substituting
logit(·) ≈ ln(·) in Eq. (2) gives

logit
(
𝑝PTR (𝑥)

)
≈ 𝑠CTR (𝑥)︸  ︷︷  ︸

CTR prior

+ 𝑔(𝑥)︸︷︷︸
learned residual

(3)

where 𝑔(𝑥) absorbs the post-click conversion term ln 𝑝CVR (𝑥) plus
the small mismatch between log and logit parameterizations. A full
derivation is given in Appendix A.

Equation (3) suggests a natural model design: rather than en-
forcing an explicit probabilistic factorization 𝑝PTR = 𝑝CTR · 𝑝CVR,
we work directly in logit space and let a downstream PTR model
learn 𝑔(𝑥), allowing the overall model to capture click information
but still remain well-calibrated toward the sale target. The three
variants below differ in how the CTR score 𝑠CTR (𝑥) enters the PTR
model. The prior variant relies on this approximation, which justi-
fies adding 𝑠CTR (𝑥) as a fixed logit-space offset, whereas the feature
variant does not require it and instead passes 𝑠CTR (𝑥) to a learned
function that can model non-additive corrections even when click
rates are higher. The combined variant uses both.

3.4 CTR as a Prior
In the first variant, the CTR score is added as a fixed offset on the
logit of the PTR model, acting as a logit-space prior. The sale model
is then learned as a residual correction on top of this click prior:

logit
(
𝑝 (𝑧 = 1 | 𝑥)

)︸                 ︷︷                 ︸
sale logit

= 𝑠CTR (𝑥)︸  ︷︷  ︸
CTR prior

+ 𝑔PTR (𝑥)︸  ︷︷  ︸
learned correction

(4)

This has a factorization-like interpretation in logit space: the CTR
model provides the initial estimate, and the PTR model learns the
adjustment needed to map click propensity into overall sale propen-
sity. Conceptually, the learned correction acts similarly to a post-
click conversion model (see Section 5). Also, note that the idea of
adding a logit-space prior offset is common in practice, e.g. as a
means of accounting for position bias [10].

3.5 CTR as a Feature
In the second variant, the CTR score is added as an explicit input
feature, along with other features, to the downstream PTR model:

logit
(
𝑝 (𝑧 = 1 | 𝑥)

)︸                 ︷︷                 ︸
sale logit

= 𝑓PTR

(
𝑥, 𝑠CTR (𝑥)︸  ︷︷  ︸

CTR feature

)
(5)

Relative to the decomposition in Eq. (1), this replaces explicit mul-
tiplication by a learned nonlinear function, and relative to Eq. (4)
the model can learn richer relationships between click propensity
and other features, rather than just an additive offset. For example,
the model can learn about Exploratory Clicks and distinguish when
high click probability corresponds to genuine buying intent versus
exploratory or low-intent behavior.

3.6 CTR as both a Prior and a Feature
In the third variant, the CTR output is used both as a feature and
as the logit-space prior:

logit
(
𝑝 (𝑧 = 1 | 𝑥)

)︸                 ︷︷                 ︸
sale logit

= 𝑠CTR (𝑥)︸  ︷︷  ︸
CTR prior

+ℎPTR
(
𝑥, 𝑠CTR (𝑥)︸  ︷︷  ︸

CTR feature

)
(6)
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This combines the two roles of the CTR signal. The logit-space
prior gives a click-informed initialization, while the feature path-
way allows the downstream model to learn context-dependent
interactions between click propensity and other sale-specific vari-
ables.

4 Empirical Results
The proposed approach compared favorably to baseline alternatives
in offline evaluation (Section 4.1) according to standard classifica-
tion and calibration metrics, so the approach was further tested in
online A/B tests on live eBay traffic (Section 4.2).

4.1 Offline Results
We assess offline performance on a held-out test set with >170M
impressions, >10M clicks, and >400K sales. Table 1 summarizes the
lift in several classification and calibration metrics, for the proposed
approach vs. several baselines. All values are reported as relative
percentage change with respect to the single-task 𝑝 (sale) baseline
model. The variants incorporating CTR score as either a prior, a
feature, or both, improve over the production baseline according to
many metrics like ROC-AUC, PR-AUC, and Relative Information
Gain (RIG). Although the gains are modest, they are consistent
across many metrics. Further, since the CTR model is itself a model
that adds to the overall capacity, we compare against another base-
line with equivalent overall model complexity (P(sale)–Large), and
we see that our approach outperforms this baseline too. Finally,
we compare against the standard multiplicative CTR × CVR factor-
ization, and an alternative multi-task implementation (MTL–Joint)
which is fit by optimizing a hybrid weighted click and sale objective.
The Nested CTR-PTR variants outperform these baselines as well
in most metrics. Note that Calibration Error, i.e. a binned 2-norm of
prediction errors, is inherently small for all models, so very small ab-
solute differences translate to large percentage differences. Notably,
the multiplicative baseline has ROC-AUC and PR-AUC which move
in opposite directions (+0.13% vs. -0.66%): it improves bulk ranking
slightly while ranking actual sales worse than the direct single-task
baseline. Our variants avoid this failure mode: small ROC-AUC
gains but larger PR-AUC gains are consistent with cutting false pos-
itives from high-CTR, low-intent impressions (Exploratory Clicks) at
the top of the ranking—where PR-AUC is sensitive and ROC-AUC,
dominated by the abundant true negatives, is not.

We do not include direct comparisons against ESM2, ESCM2,
or DCMT because these methods require additional supervision
like intermediate post-click actions, counterfactual labels, or causal
structure assumptions, which are less directly applicable in our
setting. For example, ESM2 targets settings where conversions are
preceded by intermediate post-click actions such as add-to-cart
or wishlist, and decomposes the conversion path through those
signals; however, in our setting, the vast majority of sales follow
directly from a click without intermediate actions, so the additional
supervision ESM2 relies on is not as helpful in our use case.

4.2 Online A/B Test Results
Based on the results of Section 4.1 above, we test Nested CTR-
PTR variants in online A/B tests on several weeks of live session-
randomized traffic. Table 2 summarizes key metrics. All values are

reported as a relative percentage change with respect to the pro-
duction baseline variant. For confidentiality, we anonymize exact
metric names but we note that the CTR as both Prior and Feature
variant in Table 2 has statistically significant improvements in user
metrics related to purchase rates and platform metrics related to
sales volume, and directionally positive improvements in several ad
revenue metrics. We also note that although we ran multiple A/B
tests with CTR as a Feature and each time it brought statistically
significant gains in platform and user metrics, due to real-world
testing constraints it was bundled together with other simultaneous
improvements, so we do not report it here since it is not a pure abla-
tion. However, we note that given the positive results we observed,
a variant of Nested CTR-PTR was launched to production.

5 Discussion
Interpretability. Beyond the empirical performance gains from

Nested CTR-PTR, it also leads to intuitive changes to the over-
all model structure. When comparing feature importances of the
Nested CTR-PTR variants and baseline models, we see that for the
CTR as a Feature case, the CTR feature becomes the second most
important feature in the model; while in the CTR as a Prior case, we
see that the highest importance features become those specifically
associated with post-click CVR prediction. Intuitively, using the
CTR as both a prior and a feature reduces the feature importance
of the CTR model since some of its signal is captured already in the
prior offset. Further, we see that the overall learned model is consis-
tent with the concept of Exploratory Clicks, where an eye-catching
item may attract attention in clicks but be unlikely to be purchased:
a plot of the Accumulated Local Effects (ALE) [1] of the CTR feature
within the PTR model is nearly monotonically increasing for much
of the domain of the CTR score but once the predicted CTR reaches
a certain threshold, the overall PTR model has a noticeable drop in
its dependence on CTR. See Appendix B.

Relation to Entire Space Modeling. Next, we note that in practice,
one potential downside of Nested CTR-PTR is that because it re-
places the rigid multiplicative decomposition in favor of a more
flexible approximation, it does not strictly enforce that for a given
impression, 𝑝CTR (𝑥) ≥ 𝑝PTR (𝑥). This may be undesirable for cer-
tain applications, however, we note that since our intended task
is sale prediction alone, this is not inherently a problem, and also,
empirically, less than 0.005% of impressions showed this inversion
phenomenon. Also, our approach has several other desirable prop-
erties from the Entire Space Modeling literature: for example, when
using CTR as a feature, it sidesteps the PIP problem by allowing the
overall model to learn rich dependencies between CTR and CVR
tasks, rather than treating them independently and multiplying
them to get a final PTR score.

Tradeoffs. The offline gains in Table 1 are similar in magnitude
across the three variants, suggesting that a main driver of the im-
provement could be whether the dense click signal is injected at all,
rather than the specific mechanism used to inject it. The method is
thus a lightweight way to give a single-task 𝑝 (sale) model much of
the benefit of multi-task or task-transfer approaches in a simple,
model agnostic way. This also allows for choosing between variants
based on practical engineering tradeoffs, such as complexity and
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Table 1: Offline performance on a held-out test set. Relative changes are with respect to the baseline PTR model.

Model ROC-AUC PR-AUC RIG Log Loss Calibration Error

P(sale)–Baseline 0.00% 0.00% 0.00% 0.00% 0.00%
P(sale)–Large +0.09% +0.91% +0.58% -0.11% +26.06%
Multiplicative (CTR × CVR) +0.13% -0.66% +0.55% -0.11% -58.51%
MTL–Joint +0.16% +0.82% +0.88% -0.16% +84.57%
CTR Prior Only +0.27% +1.57% +1.54% -0.30% -11.17%
CTR Feature Only +0.26% +2.38% +1.62% -0.31% -8.51%
CTR Prior + Feature +0.29% +2.28% +1.80% -0.34% -43.62%

Table 2: Online A/B test results showing relative changes with respect to the baseline ranking policy.

Model Revenue Metric 1 User Metric 1 Platform Metric 1

CTR Prior + Feature +0.29% (p=.20) +0.33% (p=.04) +0.48% (p=.03)

latency: the additive logit form of the prior-only variant lets the
CTR and overall PTR models be evaluated in parallel and summed,
whereas the feature-only variant may be simpler conceptually and
in implementation but could add latency if the CTR score is used
directly as an input and both scores need to be computed in serial.
However, for some model architectures, this variant may admit
partial parallelization, e.g. as in a late-fusion design where a sep-
arate CTR path is combined near the output, or in some settings
if a CTR score was already computed upstream, so reusing it adds
little additional latency. Finally, although in principle the combined
prior and feature variant may add the strongest click signal, in
practice, having the click signal from just one pathway (either prior
or feature alone) is simpler and achieves comparable performance.

6 Conclusion
We introduce a Nested CTR-PTR approach as a simple and effective
means for incorporating denser click signals into sparse purchase
prediction modeling. The method leads to an interpretable approxi-
mation to the standard PTR = CTR × CVR factorization and leads
to intuitive feature usage patterns. It allows for modular, model
agnostic development of CTR and PTR models, and has favorable
properties from the Entire Space Modeling literature. Finally, it
showed statistically significant gains and was launched to produc-
tion at a major e-commerce company.
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Figure 1: Comparison of logit(𝑝) and ln(𝑝). Panel (a) shows
the full range 𝑝 ∈ (0, 1), where the two functions are close for
small 𝑝 but diverge as 𝑝 increases. Panel (b) shows the low
probability regime up to 𝑝 = .15, showing the closeness of
the approximation at small probabilities.

Table 3: Comparison of logit(𝑝) and ln(𝑝) for small values of
𝑝. Values are rounded to 3 decimal places.

𝑝 logit(𝑝) ln(𝑝) Abs. Diff. % Diff.

0.001 -6.907 -6.908 0.001 0.014
0.005 -5.293 -5.298 0.005 0.095
0.010 -4.595 -4.605 0.010 0.219
0.030 -3.476 -3.507 0.030 0.876
0.050 -2.944 -2.996 0.051 1.742
0.100 -2.197 -2.303 0.105 4.795

A Relation Between Probability-Space and
Logit-Space Factorizations

We derive the additive logit-space decomposition of Section 3.3.
Starting from the standard click–conversion factorization of Eq. (1)
and taking logs:

𝑝PTR (𝑥) = 𝑝CTR (𝑥) · 𝑝CVR (𝑥) (7)
ln 𝑝PTR (𝑥) = ln 𝑝CTR (𝑥) + ln 𝑝CVR (𝑥) (8)

Use logit(𝑝) = ln 𝑝 − ln(1 − 𝑝) and substitute in Eq. (8):

logit
(
𝑝PTR (𝑥)

)
= ln𝑝PTR (𝑥) − ln

(
1 − 𝑝PTR (𝑥)

)
= ln𝑝CTR (𝑥) + ln 𝑝CVR (𝑥) − ln

(
1 − 𝑝PTR (𝑥)

)
(9)

Write the CTR prior as 𝑠CTR (𝑥) ≡ logit
(
𝑝CTR (𝑥)

)
. Then

ln 𝑝CTR (𝑥) = 𝑠CTR (𝑥) + ln
(
1 − 𝑝CTR (𝑥)

)
and substituting into Eq. (9) gives:

logit
(
𝑝PTR (𝑥)

)
= 𝑠CTR (𝑥) + ln 𝑝CVR (𝑥)
+ ln

(
1 − 𝑝CTR (𝑥)

)
− ln

(
1 − 𝑝PTR (𝑥)

)
(10)

The prior-based form of Eq. (4) can therefore be seen as a case of

logit
(
𝑝PTR (𝑥)

)
= 𝑠CTR (𝑥) + 𝑔(𝑥) (11)

where 𝑔(𝑥) absorbs both the post-click conversion contribution
ln 𝑝CVR (𝑥) and the log-vs-logit mismatch ln(1−𝑝CTR)−ln(1−𝑝PTR).
In the rare event setting 𝑝 ≪ 1 so ln(1 − 𝑝) ≈ 0, so logit(𝑝) ≈ ln 𝑝
and the log-vs-logit mismatch shrinks:

logit
(
𝑝PTR (𝑥)

)
≈ ln𝑝CTR (𝑥) + ln 𝑝CVR (𝑥) ≈ 𝑠CTR (𝑥) + ln 𝑝CVR (𝑥)

(12)
This recovers the form in Eq. (3) and explains why an additive logit-
space model behaves similarly to the multiplicative factorization
when the target event is sufficiently rare. Table 3 and Figure 1 show
the logit(𝑝) ≈ ln 𝑝 approximation error of small probabilities at the
scale of 𝑝PTR to 𝑝CTR.

Further, the approximation error also has a simple closed form.
Since logit(𝑝) − ln 𝑝 = − ln(1 − 𝑝), a Taylor expansion gives

logit(𝑝) − ln 𝑝 = − ln(1 − 𝑝) =

∞∑︁
𝑛=1

𝑝𝑛

𝑛
= 𝑝 + 𝑝2

2 +𝑂 (𝑝3),

so the absolute error is 𝑝 +𝑂 (𝑝2). This quantity is exactly the Abs.
Diff. column of Table 3.

B CTR Feature Usage Patterns
Figure 2 shows the Accumulated Local Effects (ALE) of the CTR
feature within the PTR model, for the CTR as a Feature variant. The
dependence increases for most of the CTR range but at the highest
CTR values, where impressions are sparse and the confidence band
widens, the effect flattens and dips slightly. This pattern is consistent
with an Exploratory Clicks regime, although given the sparsity and
wide confidence intervals at the high end, this relationship should
be considered suggestive but not conclusive.

Figure 2: Accumulated Local Effects (ALE) of the CTR feature
within the PTR model (CTR as a Feature variant).
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